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Abstract. In this paper, we prove two supercongruences conjectured by Z.-W. Sun via
the Wilf-Zeilberger method. One of them is, for any prime p > 3,
(p−1)/2∑
n=0
6n + 1
(−512)n
(
2n
n
)3
≡ p
(
−2
p
)
+
p3
4
(
2
p
)
Ep−3 (mod p
4),
where
(
·
p
)
stands for the Legendre symbol, and En is the n-th Euler numbers.
Keywords: Supercongruence; Binomial coeficients; Wilf-Zeilberger method; Euler num-
bers.
AMS Subject Classifications: 11B65, 11A07, 11B68, 33F10, 05A10.
1. Introduction
Recall that the Euler numbers {En} and the Euler polynomials {En(x)} are defined
by
2et
e2t + 1
=
∞∑
n=0
En
tn
n!
(|t| <
pi
2
) and
2ext
et + 1
=
∞∑
n=0
En(x)
tn
n!
(|t| < pi)
and the Bernoulli numbers {Bn} and the Bernoulli polynomials {Bn(x)} are defined by
x
ex − 1
=
∞∑
n=0
Bn
xn
n!
(0 < |x| < 2pi) and Bn(x) =
n∑
k=0
(
n
k
)
Bkx
n−k (n ∈ N).
In the past decade, many researchers studied supercongruences via the Wilf-Zeilberger
(WZ) method (see, for instance, [3–6, 9, 12, 15, 20]). For instance, W. Zudilin [20] proved
several Ramanujan-type supercongruences by the WZ method. One of them, conjectured
by van Hamme, says that for any odd prime p,
(p−1)/2∑
k=0
(4k + 1)(−1)k
((
1
2
)
k
k!
)3
≡ (−1)(p−1)/2p (mod p3), (1.1)
1
where (a)n = a(a+ 1) . . . (a+ n− 1)(n ∈ {1, 2, . . .}) with (a)0 = 1 is the raising factorial
for a ∈ C.
Chen, Xie and He [4] confirmed a supercongruence conjetured by Z.-W. Sun [14], which
says that for any prime p > 3,
p−1∑
k=0
3k + 1
(−8)k
(
2k
k
)3
≡ p(−1)(p−1)/2 + p3Ep−3 (mod p
4).
For n ∈ N, define
Hn :=
∑
0<k≤n
1
k
, H(2)n :=
∑
0<k≤n
1
k2
, H0 = H
(2)
0 = 0,
where Hn with n ∈ N are often called the classical harmonic numbers. Let p > 3 be a
prime. J. Wolstenholme [19] proved that
Hp−1 ≡ 0 (mod p
2) and H
(2)
p−1 ≡ 0 (mod p), (1.2)
which imply that (
2p− 1
p− 1
)
≡ 1 (mod p3). (1.3)
Z.-W. Sun [15] proved the following supercongruence by the WZ method, for any odd
prime p,
p−1∑
k=0
4k + 1
(−64)k
(
2k
k
)3
≡ (−1)
(p−1)
2 p+ p3Ep−3 (mod p
4). (1.4)
Guo and Liu [3] showed that for any prime p > 3,
(p+1)/2∑
k=0
(−1)k(4k − 1)
(
−1
2
)3
k
(1)3k
≡ p(−1)(p+1)/2 + p3(2− Ep−3) (mod p
4). (1.5)
Guo also researched q-analogues of Ramanujan-type supercongruences and q-analogues of
supercongruences of van Hamme (see, for instance, [1, 2]).
Long [7] and Chen, Xie and He [4] proved that, for any odd prime p,
(p−1)/2∑
n=0
6n+ 1
(−512)n
(
2n
n
)3
≡ p
(
−2
p
)
(mod p2).
In this paper, we first obtain the following result which confirms a conjecture of Sun
[14]:
Theorem 1.1. Let p > 3 be a prime. Then
(p−1)/2∑
n=0
6n+ 1
(−512)n
(
2n
n
)3
≡ p
(
−2
p
)
+
p3
4
(
2
p
)
Ep−3 (mod p
4). (1.6)
2
Remark 1.2. This congruence was the conjecture of Z.-W. Sun [17, (2.22)] with n = 1
or [14, Conjecture 5.1].
In order to prove Theorem 1.1, we prove the following results first.
Theorem 1.3. Let p be an odd prime. Then
(p−1)/2∑
k=1
(
2k
k
)
2k
H2k ≡ (−1)
(p−1)/2qp(2)
2 −Ep−3 (mod p), (1.7)
where qp(2) stands for the Fermat quotient (2
p−1 − 1)/p.
Remark 1.4. See [16, Remark 1.2], sun said that he could also able to show that
p−1∑
k=0
(
2k
k
)
2k
H2k ≡
1
2
(−1)(p−1)/2qp(2)
2 −
1
2
Ep−3 (mod p).
But he made a typing error, because by (1.7), we have
p−1∑
k=0
(
2k
k
)
2k
H2k ≡ (−1)
(p−1)/2qp(2)
2 −Ep−3 (mod p).
Theorem 1.5. Let p > 3 be a prime. Then
p−1∑
n=0
6n+ 1
(−512)n
(
2n
n
)3
≡ p
(
−2
p
)
+
p3
16
Ep−3
(
1
4
)
(mod p4). (1.8)
Remark 1.6. This congruence was the conjecture of Z.-W. Sun [17, (2.16)] with n = 1.
Our main tool in this paper is the WZ method. We shall prove Theorems 1.3 and 1.1
in Sections 2 and 3, respectively. And the last Section is devoted to prove Theorem 1.5.
2. Proof of Theorem 1.3
Lemma 2.1. For any positive integer n, we have
n∑
k=1
(
n
k
)
(−2)kH2k =(−1)
n
(
H
(2)
n
2
+H2n − 2
n∑
k=1
(−1)k
k2
− 2Hn
n∑
k=1
(−1)k
k
)
+ (−1)n

−
(∑n
k=1
(−1)k
k
)2
2
+ 3
n∑
k=1
(−1)kHk
k

 (2.1)
and
n∑
k=1
(
n
k
)
(−2)kHk = (−1)
nHn − (−1)
n
n∑
k=1
(−1)k
k
. (2.2)
3
Proof. These two identities can be easily proved by induction. ✷
Lemma 2.2. Let p > 3 be a prime. Then
(p−1)/2∑
k=1
(−1)kHk
k
≡
1
2
qp(2)
2 + (−1)(p−1)/2Ep−3 (mod p).
Proof. First we know that (−1)k−1
(
p−1
k−1
)
≡ 1− pHk−1 (mod p
2), so
p
(p−1)/2∑
k=1
(−1)k
k
Hk−1 ≡
(p−1)/2∑
k=1
(−1)k
k
(
1− (−1)k−1
(
p− 1
k − 1
))
=
(p−1)/2∑
k=1
(−1)k
k
+
1
p
(p−1)/2∑
k=1
(
p
k
)
(mod p2).
And it is easy to see that
(p−1)/2∑
k=1
(
p
k
)
=
p−1∑
k=(p+1)/2
(
p
p− k
)
=
p−1∑
k=(p+1)/2
(
p
k
)
.
Thus,
(p−1)/2∑
k=1
(
p
k
)
=
1
2

(p−1)/2∑
k=1
(
p
k
)
+
p−1∑
k=(p+1)/2
(
p
k
) = 1
2
p−1∑
k=1
(
p
k
)
= 2p−1 − 1.
By [13, Theorem 3.2], we have, for any prime p > 3
(p−1)/2∑
k=1
(−1)k
k
= H⌊p/4⌋ −H(p−1)/2 ≡ −qp(2) +
1
2
qp(2)
2 − (−1)(p−1)/2Ep−3 (mod p).
(2.3)
Hence
(p−1)/2∑
k=1
(−1)k
k
Hk−1 ≡
1
p

(p−1)/2∑
k=1
(−1)k
k
+ qp(2)

 ≡ 1
2
qp(2)
2 − (−1)(p−1)/2Ep−3 (mod p
2).
By [13, Theorem 3.5], we have, for any prime p > 5
(p−1)/2∑
k=1
(−1)k
k2
=
1
2
H
(2)
⌊p/4⌋ −H
(2)
(p−1)/2 ≡ 2(−1)
(p−1)/2EP−3 (mod p). (2.4)
Therefore, for any prime p > 5, we have
(p−1)/2∑
k=1
(−1)k
k
Hk ≡
1
2
qp(2)
2 + (−1)(p−1)/2Ep−3 (mod p).
The p = 5 case can be checked directly. Now we finished the proof of Lemma 2.2. ✷
4
Proof of (1.7). By [13, Theorems 3.2,3.5], we have
H
(2)
(p−1)/2 ≡ 0 (mod p) and H(p−1)/2 ≡ −2qp(2) (mod p).
This, with Lemma 2.1, (2.3), (2.4) and Lemma 2.2 yields that
(p−1)/2∑
k=1
(
(p− 1)/2
k
)
(−2)kH2k ≡ (−1)
(p−1)/2qp(2)
2 − Ep−3 (mod p).
Therefore the proof of (1.7) is completed with
(
2k
k
)
≡
(
(p−1)/2
k
)
(−4)k (mod p).
3. Proof of Theorem 1.1
We will use the following WZ pair which appears in [4] to prove Theorem 1.1. For
nonnegative integers n, k, define
F (n, k) = (−1)n+k
(6n− 2k + 1)
29n−3k
(2n + 2k)!(2n− 2k)!
(
2n−2k
n−k
)
(n+ k)!(n− k)!n!2
and
G(n, k) = (−1)n+k
n2(2n+ 2k)!(2n− 2k)!
(
2n−2k
n−k
)
29n−3k−4(2n+ 2k − 1)(n+ k)!(n− k)!n!2
.
Clearly F (n, k) = G(n, k) = 0 if n < k. It is easy to check that
F (n, k − 1)− F (n, k) = G(n+ 1, k)−G(n, k) (3.1)
for all nonnegative integer n and k > 0.
Summing (3.1) over n from 0 to (p− 1)/2 we have
(p−1)/2∑
n=0
F (n, k − 1)−
(p−1)/2∑
n=0
F (n, k) = G
(
p+ 1
2
, k
)
−G(0, k) = G
(
p+ 1
2
, k
)
.
Furthermore, summing both side of the above identity over k from 1 to (p − 1)/2, we
obtain
(p−1)/2∑
n=0
F (n, 0) = F
(
p− 1
2
,
p− 1
2
)
+
(p−1)/2∑
k=1
G
(
p + 1
2
, k
)
. (3.2)
Lemma 3.1. ( [11]) For any prime p > 3, we have(
p− 1
(p− 1)/2
)
≡ (−1)(p−1)/24p−1 (mod p3).
5
Lemma 3.2. Let p > 3 be a prime. Then
F
(
p− 1
2
,
p− 1
2
)
≡ (−1)(p−1)/2p
(
1− pqp(2) + p
2qp(2)
2
)
(mod p4).
Proof. By the definition of F (n, k), we have
F
(
p− 1
2
,
p− 1
2
)
=
(2p− 1)(2p− 2)!
23p−3(p− 1)!
(
p−1
2
)
!2
=
(2p− 1)
(
2p−2
p−1
)(p−1
p−1
2
)
23p−3
=
p
(
2p−1
p−1
)(p−1
p−1
2
)
23p−3
.
This, with (1.3), Lemma 3.1 and 2p−1 = 1 + pqp(2) yields that
F
(
p− 1
2
,
p− 1
2
)
≡ (−1)(p−1)/2
p
2p−1
≡ (−1)(p−1)/2p
(
1− pqp(2) + p
2qp(2)
2
)
(mod p4).
Therefore the proof of Lemma 3.2 is complete. ✷
By the definition of G(n, k) we have
G(n, k) = (−1)n+k
n2(2n+ 2k)!(2n− 2k)!
(
2n−2k
n−k
)
29n−4−3k(2n+ 2k − 1)(n+ k)!(n− k)!n!2
= (−1)n+k
(
2n+2k
n+k
)(
2n−2k
n−k
)2
(n+ k)!(n− k)!
29n−4−3k(2n+ 2k − 1)(n− 1)!2
= (−1)n+k
(
1
2
)
n+k
(
1
2
)2
n−k
(2n+ 2k − 1)(n− 1)!2(n− k)!23n−k−4
.
It is easy to see that(
1
2
)
n+k
(n+ k)!
=
(
2n+2k
n+k
)
4n+k
,
(
1
2
)
n+k
=
(
1
2
)
n
(
1
2
+ n
)
k
and (
1
2
)
n−k
(
1
2
+ n− k
)
k−1
=
(
1
2
)
n−1
.
So we have
G(n, k) = (−1)n+k
(
1
2
)
n
(
1
2
+ n
)
k
(
1
2
)2
n−1
(2n+ 2k − 1)(n− 1)!2
(
1
2
+ n− k
)2
k−1
(n− k)!23n−k−4
=
(−1)n+k
29n−k−8
(
2n
n
)(
2n−2
n−1
)2 (1
2
+ n
)
k
n!
(2n+ 2k − 1)
(
1
2
+ n− k
)2
k−1
(n− k)!
. (3.3)
Lemma 3.3. For any prime p > 3, we have
(p−1)/2∑
k=1
(
(p− 1)/2
k
)
(−2)kHk ≡ (−1)
(p−1)/2
(
−qp(2) +
p
2
qp(2)
2
)
+ pEp−3 (mod p
2).
6
Proof. Set n = (p− 1)/2 in (2.2), we have
(p−1)/2∑
k=1
(
(p− 1)/2
k
)
(−2)kHk = (−1)
(p−1)/2H(p−1)/2 − (−1)
(p−1)/2(H⌊ p
4
⌋ −H(p−1)/2),
by [13, Theorem 3.2] we immediately obtain the desired result. ✷
Lemma 3.4. For any primes p > 3, modulo p4 we have
(p−1)/2∑
k=1
G
(
p+ 1
2
, k
)
≡
(
−2
p
)
p+
p3
4
(
2
p
)
Ep−3 − (−1)
(p−1)/2p
(
1− pqp(2) + p
2qp(2)
2
)
.
Proof. By (3.3), we have
G
(
p+ 1
2
, k
)
=
(−1)(p+1)/2
(
p+1
(p+1)/2
)(
p−1
(p−1)/2
)2
2(9p+9)/2−8
(−2)k
(
p
2
+ 1
)
k
(
p+1
2
+ 1− k
)
k
(p+ 2k)
(
p
2
+ 1− k
)2
k−1
=
(−1)(p−1)/22p
(
p−1
(p−1)/2
)3
2(9p−9)/2
(p/2− k)(−2)k−1
(
p
2
+ 1
)
k
(
p+1
2
+ 1− k
)
k−1
(p+ 2k)
(
p
2
− k
)
k
(
p
2
+ 1− k
)
k−1
.
It is easy to check that
(
p
2
+ 1
)
k(
p
2
− k
)
k
≡
k!
(
1 + p
2
Hk +
p2
4
∑
1≤i<j≤k
1
ij
)
(−1)kk!(
(
1− p
2
Hk +
p2
4
∑
1≤i<j≤k
1
ij
)
≡ (−1)k
(
1 + pHk +
p2
2
H2k
)
(mod p3),
and modulo p3 we have(p
2
+ 1− k
)
k−1
=
(p
2
+ 1− k
)
. . .
(p
2
− 1
)
≡ (−1)k−1(k − 1)!
(
1−
p
2
Hk−1 +
p2
8
(
H2k−1 −H
(2)
k−1
))
.
By [16, (4.4)], we have
(−2)k−1
(
p+ 3
2
− k
)
k−1
= (2k − p− 3)(2k − 5− p) . . . (1− p)
≡ (2k − 3)!!

1− p k−1∑
j=1
1
2j − 1
+
p2
2
(
k−1∑
j=1
1
2j − 1
)2
−
p2
2
k−1∑
j=1
1
(2j − 1)2


≡ (2k − 3)!!
(
(p−1)/2
k−1
)
(−4)k−1(
2k−2
k−1
) (mod p3).
7
So modulo p4, we have
G
(
p+ 1
2
, k
)
≡
(−1)(p−1)/22p
(
p−1
(p−1)/2
)3
2(9p−9)/2
k − p/2
p+ 2k
(
(p− 1)/2
k − 1
)
(−2)k−1
·
(
1 +
3p
2
Hk−1 +
9p2
8
H2k−1 +
p2
8
H
(2)
k−1 +
p
k
+
p2
2k2
+
3p2Hk−1
2k
)
Now we have the following congruence modulo p4
(p−1)/2∑
k=1
G
(
p + 1
2
, k
)
≡
(−1)(p−1)/22p
(
p−1
(p−1)/2
)3
2(9p−9)/2
(p−1)/2∑
k=1
(
(p− 1)/2
k − 1
)
(−2)k−1
·
(
1
2
+
3p
4
Hk−1 +
9p2
16
H2k−1 +
p2
16
H
(2)
k−1
)
.
By Lemma 3.1, [16, (1.6)], (1.7), Lemma 3.3 and
2(p−1)/2 ≡
(
2
p
)(
1 +
p
2
qp(2)−
p2
8
qp(2)
2
)
(mod p3),
we have
(p−1)/2∑
k=1
G
(
p+ 1
2
, k
)
≡ p(−2)(3p−3)/2
·
(
1− (2)
p−1
2 + (−1)
p−1
2
p2
4
Ep−3 −
3p
2
qp(2) +
15p2
8
qp(2)
2 −
3p
2
2
p−1
2 H p−1
2
−
9p2
8
2
p−1
2 H2p−1
2
)
≡ p
(
−2
p
)(
1 +
3p
2
qp(2) +
3p2
8
qp(2)
2
)
− p(−1)(p−1)/2
(
1 + 2pqp(2) + p
2qp(2)
2
)
+
p3
4
(
2
p
)
Ep−3 −
3p2
2
(
−2
p
)(
qp(2) +
3p
2
qp(2)
2
)
+
15p3
8
(
−2
p
)
qp(2)
2
−
3p2
2
(−1)(p−1)/2(1 + 2pqp(2))(−2qp(2) + pqp(2)
2)−
9p3
8
(−1)(p−1)/2(−2qp(2))
2
≡ p
(
−2
p
)
+
p3
4
(
2
p
)
Ep−3 − p(−1)
(p−1)/2
(
1− pqp(2) + p
2qp(2)
2
)
(mod p4).
Therefore we finish the proof of Lemma 3.4. ✷
Proof of Theorem 1.1. Combining (3.2) with Lemmas 3.2, 3.4, we immediately obtain
that
(p−1)/2∑
n=0
6n + 1
(−512)n
(
2n
n
)3
≡ p
(
−2
p
)
+
p3
4
(
2
p
)
Ep−3 (mod p
4).
Therefore the proof of Theorem 1.1 is finished. ✷
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4. Proof of Theorem 1.5
By the same WZ pair as in section 3, and summing (3.1) over n from 0 to p− 1, we have
p−1∑
n=0
F (n, k − 1)−
p−1∑
n=0
F (n, k) = G(p, k)−G(0, k) = G(p, k).
Furthermore, summing both side of the above identity over k from 1 to p− 1, we obtain
p−1∑
n=0
F (n, 0) = F (p− 1, p− 1) +
p−1∑
k=1
G(p, k). (4.1)
Lemma 4.1. Let p > 3 be a prime. Then
F (p− 1, p− 1) ≡ −3p2 (1 + 4p− 6pqp(2)) (mod p
4).
Proof. By the definition of F (n, k), we have
F (p− 1, p− 1) =
(4p− 3)(4p− 4)!
26p−6(2p− 2)!(p− 1)!2
=
(4p− 3)
(
4p−4
2p−2
)(
2p−2
p−1
)
26p−6
=
p
(
4p−3
2p−2
)(
2p−1
p−1
)
26p−6
=
p2
(
4p−1
2p−1
)(
2p−1
p−1
)
(4p− 1)26p−6
.
This, with (1.3), 2p−1 = 1 + pqp(2) and
(
4p− 1
2p− 1
)
= −
2p−1∏
k=1
(
1−
4p
k
)
= 3
p−1∏
k=1
(
1−
4p
k
)
·
p−1∏
k=1
(
1−
4p
p+ k
)
≡ 3 (mod p2)
yields that
F (p− 1, p− 1) ≡
3p2
(4p− 1)26p−6
≡ −3p2 (1 + 4p− 6pqp(2)) (mod p
4).
Therefore the proof of Lemma 4.1 is complete. ✷
Lemma 4.2. [See [8]] Let x and y be variables and n ∈ N. Then
(i). B2n+1 = 0.
(ii). Bn(1− x) = (−1)
nBn(x).
(iii). Bn(x+ y) =
n∑
k=0
(
n
k
)
Bn−k(y)x
k.
(iv). En−1(x) =
2n
n
(
Bn
(
x+ 1
2
)
− Bn
(x
2
))
.
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Lemma 4.3. For any prime p > 3, we have
(p−1)/2∑
k=1
8k
k(2k − 1)
(
2k
k
) ≡ (−2
p
) (p−1)/2∑
k=1
2k
k2
(
2k
k
) ≡ 1
4
Ep−3
(
1
4
)
(mod p).
Proof. We know that
(p−1)/2∑
k=1
8k
k(2k − 1)
(
2k
k
) = (p−1)/2∑
k=1
8(p+1)/2−k
((p+ 1)/2− k)(p− 2k)
(
p+1−2k
(p+1)/2−k
)
≡
(p−1)/2∑
k=1
2(p+3)/2
8kk(2k − 1)
(
p−2k
(p+1)/2−k
) (mod p).
It is easy to check that modulo p, we have(
p− 2k
p+1
2
− k
)
≡ (−1)
p+1
2
−k
(p−1
2
+ k
2k − 1
)
=
2k(−1)
p+1
2
−k
p−1
2
− k + 1
(p−1
2
+ k
2k
)
≡
4k(−1)
p−1
2
2k − 1
(
2k
k
)
16k
.
So
(p−1)/2∑
k=1
8k
k(2k − 1)
(
2k
k
) ≡ (−2)(p−1)/2 (p−1)/2∑
k=1
2k
k2
(
2k
k
) ≡ (−2
p
) (p−1)/2∑
k=1
2k
k2
(
2k
k
) (mod p).
Now we turn to prove
(p−1)/2∑
k=1
2k
k2
(
2k
k
) ≡ 1
4
(
−2
p
)
Ep−3
(
1
4
)
(mod p).
Setting n = (p− 1)/2 in [10, (22)], we have(
p− 1
(p− 1)/2
) (p−1)/2∑
k=1
2k
k2
(
2k
k
) = (p−1)/2∑
k=1
(
p− 1
(p− 1)/2− k
)
vk(0)
k2
+
(
p− 1
(p− 1)/2
) (p−1)/2∑
k=1
1
k2
≡
(p−1)/2∑
k=1
(−1)(p−1)/2−k
vk(0)
k2
(mod p),
where vn(x) are defined as follows:
v0(x) = 2, v1(x) = x, and vn(x) = xvn−1(x)− vn−2(x) for (n > 1).
So
(p−1)/2∑
k=1
2k
k2
(
2k
k
) ≡ (p−1)/2∑
k=1
k≡2 (mod 4)
(−1)k
−2
k2
+
(p−1)/2∑
k=1
k≡0 (mod 4)
(−1)k
2
k2
≡ 2

⌊
p−1
8
⌋∑
j=1
1
16j2
−
⌊ p+3
8
⌋∑
j=1
1
(4j − 2)2

 (mod p).
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In view of [13, Lemma2.1], for any p,m ∈ N and k, r ∈ Z with k ≥ 0, we have
p−1∑
x=0
x≡r (mod m)
xk =
mk
k + 1
(
Bk+1
(
p
m
+
{
r − p
m
})
−Bk+1
({ r
m
}))
.
By using this identity, (i) and (iii) of Lemma 4.2, we have
⌊ p−1
8
⌋∑
j=1
1
j2
= 64
p−1∑
k=1
k≡0 (mod 8)
1
k2
≡ 64
p−1∑
x=0
x≡0 (mod 8)
xp−3 ≡ −
1
2
Bp−2
({
−
p
8
})
(mod p)
and
⌊ p+3
8
⌋∑
j=1
1
(2j − 1)2
= 16
⌊ p+3
8
⌋∑
j=1
1
(8j − 4)2
= 16
p−1∑
j=1
j≡4 (mod 8)
1
j2
≡ 16
p−1∑
x=0
j≡4 (mod 8)
xp−3
≡ −
1
8
Bp−2
({
4− p
8
})
(mod p).
Hence
(p−1)/2∑
k=1
2k
k2
(
2k
k
) ≡ 1
16
(
Bp−2
({
4− p
8
})
− Bp−2
({
−
p
8
}))
(mod p).
It is easy to see that
Bp−2
({
4− p
8
})
−Bp−2
({
−
p
8
})
=


Bp−2
({
3
8
})
− Bp−2
({
7
8
})
if p ≡ 1 (mod 8),
Bp−2
({
1
8
})
− Bp−2
({
5
8
})
if p ≡ 3 (mod 8),
Bp−2
({
7
8
})
− Bp−2
({
3
8
})
if p ≡ 5 (mod 8),
Bp−2
({
5
8
})
− Bp−2
({
1
8
})
if p ≡ 7 (mod 8).
By (ii) of Lemma 4.2 , we immediately get that
Bp−2
({
4− p
8
})
− Bp−2
({
−
p
8
})
=
(
−2
p
)(
Bp−2
({
1
8
})
− Bp−2
({
5
8
}))
.
Then by using (iv) of Lemma 4.2, we have
(p−1)/2∑
k=1
2k
k2
(
2k
k
) ≡ 1
16
(
4
(
−2
p
)
Ep−3
(
1
4
))
=
1
4
(
−2
p
)
Ep−3
(
1
4
)
(mod p).
Therefore the proof of Lemma 4.3 is complete. ✷
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Lemma 4.4. For any primes p > 3, modulo p4 we have
(p−1)/2∑
k=1
G(p, k) ≡
p3
16
Ep−3
(
1
4
)
(mod p4).
Proof. By (3.3), we have
G(p, k) =
(−1)k+1
29p−k−8
(
2p
p
)(
2p−2
p−1
)2 (1
2
+ p
)
k
p!
(2p+ 2k − 1)
(
1
2
+ p− k
)2
k−1
(p− k)!
≡ p3
(−2)k
(
1
2
)
k
(2k − 1)
(
1
2
− k
)2
k−1
(p− k)!
(mod p4).
We know that (
1
2
)
k(
1
2
− k
)
k−1
=
1
2
· 3
2
. . . 2k−1
2
1−2k
2
· 3−2k
2
. . . −3
2
=
(−1)k−1
2
,
(
1
2
− k
)
k−1
= (−1)k−1
3 · 5 . . . (2k − 1)
2k−1
= (−1)k−1
(2k − 2)!!
2k−1
and
(p− k)! = (p− k)(p− (k + 1)) . . . (p− (p− 1)) ≡ (−1)p−k
(p− 1)!
(k − 1)!
≡
(−1)k
(k − 1)!
(mod p).
So
G(p, k) ≡
p3
4
8k
k(2k − 1)
(
2k
k
) (mod p4).
Therefore we can immediately get the desired result with Lemma 4.3. ✷
Lemma 4.5. Let p > 3 be a prime. Then
G
(
p,
p+ 1
2
)
≡ p
(
−2
p
)(
1−
3p
2
qp(2) +
15p2
8
qp(2)
2
)
(mod p4).
Proof. By (3.3) again and (1.3), we have
G
(
p,
p+ 1
2
)
=
(−1)(p−1)/2
29p−8−(p+1)/2
(
2p
p
)(
2p−2
p−1
)2 (1
2
+ p
)
(p+1)/2
p!
3p
(
1
2
+ p− p+1
2
)2
(p−1)/2
(
p−1
2
)
!
≡
(−1)(p−1)/2p
29p−8−(p+1)/2
(
1
2
+ p
)
(p−1)/2
(p− 1)!(
p
2
+ 1
)2
(p−1)/2
(
p−1
2
)
!
(mod p4).
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It is easy to check that(
1
2
+ p
)
(p−1)/2
≡
(p− 2)!!
2(p−1)/2

1 + p (p−1)/2∑
k=1
2
2k − 1
+
p2
2

(p−1)/2∑
k=1
2
2k − 1


2
−
p2
2
(p−1)/2∑
k=1
4
(2k − 1)2


≡
(p− 1)!
2p−1 p−1
2
!
(
1− pH(p−1)/2 +
p2
2
H2(p−1)/2
)
(mod p3)
with (1.2) and H
(2)
(p−1)/2 ≡ 0 (mod p). And
(p
2
+ 1
)2
(p−1)/2
≡
(
p− 1
2
!
)2(
1 +
p
2
H p−1
2
+
p2
8
(
H2p−1
2
−H
(2)
p−1
2
))2
≡
(
p− 1
2
!
)2(
1 + pH p−1
2
+
p2
2
H2p−1
2
)
(mod p3).
So (
1
2
+ p
)
(p−1)/2
(p− 1)!(
p
2
+ 1
)2
(p−1)/2
(
p−1
2
!
) ≡ (p− 1)!2(1− pH(p−1)/2 + p
2
2
H2(p−1)/2)
2p−1
(
p−1
2
!
)4
(1 + pH(p−1)/2 +
p2
2
H2(p−1)/2)
≡
(
p−1
(p−1)/2
)2
2p−1
(
1− 2pH p−1
2
+ 2p2H2p−1
2
)
(mod p3). (4.2)
Hence by H(p−1)/2 ≡ −2qp(2) + pqp(2)
2 (mod p2) and
2(11p−11)/2 ≡
(
2
p
)(
1 +
11p
2
qp(2) +
99p2
8
qp(2)
2
)
(mod p3).
we have
G
(
p,
p+ 1
2
)
≡ (−1)(p−1)/2p
1 + 4pqp(2) + 6p
2qp(2)
2
2(11p−11)/2
≡ p
(
−2
p
)(
1−
3p
2
qp(2) +
15p2
8
qp(2)
2
)
(mod p4).
Therefore the proof of Lemma 4.5 is complete. ✷
Lemma 4.6. For any prime p > 3, we have
p−1∑
k=(p+3)/2
G(p, k) ≡
(
−2
p
)
3p2
(
1
2
qp(2)−
5
8
pqp(2)
2
)
+ 3p2(1 + 4p− 6pqp(2)) (mod p
4).
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Proof. By (3.3), we have
G(p, k) =
(−1)k+1
29p−k−8
(
2p
p
)(
2p−2
p−1
)2 (1
2
+ p
)
k
p!
(2p+ 2k − 1)
(
1
2
+ p− k
)2
k−1
(p− k)!
≡
(−1)k+1
29p−k−9
p3
(
1
2
+ p
)
k
(p− 1)!
(2p− 1)2(2p+ 2k − 1)
(
1
2
+ p− k
)2
k−1
(p− k)!
=
(−1)k+1
29p−k−9
6p2
(
1
2
+ p
)
(p−1)/2
(
3p
2
+ 1
)
k−(p+1)/2
(p− 1)!
4(2p+ 2k − 1)
(
p
2
+ 1
)2
(p−1)/2
(
p
2
− k + p+1
2
)2
k−(p+1)/2
(p− k)!
.
So modulo p4, we have
p−1∑
k=(p+3)/2
G(p, k) ≡ −
3p2
(
1
2
+ p
)
(p−1)/2
(p− 1)!
29p−8
(
p
2
+ 1
)2
(p−1)/2
(p−3)/2∑
k=1
(−2)k+(p+1)/2
(
3p
2
+ 1
)
k
(3p+ 2k)
(
p
2
− k
)2
k
(
p−1
2
− k
)
!
.
It is easy to check that
(p−3)/2∑
k=1
(−2)k+(p+1)/2
(
3p
2
+ 1
)
k
(3p+ 2k)
(
p
2
− k
)2
k
(
p−1
2
− k
)
!
≡
(p−3)/2∑
k=1
k!
(
1 + 3p
2
Hk
)
(−2)k
(3p+ 2k)k!2
(
1− p
2
Hk
)2 (p−1
2
− k
)
!
≡
1(
p−1
2
)
!
(p−3)/2∑
k=1
(
(p− 1)/2
k
)
(−2)k
(
1 +
5p
2
Hk
)(
1
2k
−
3p
4k2
)
≡
1(
p−1
2
)
!
(p−3)/2∑
k=1
(
(p− 1)/2
k
)
(−2)k
(
1
2k
−
3p
4k2
+
5p
4k
Hk
)
(mod p2).
Hence by (4.2) and Lemma 3.1, we have
p−1∑
k= p+3
2
G(p, k) ≡
(−1)
p−1
2 3p2
29p−8−
p+1
2
(p−1
p−1
2
)2
2p−1
(1 + 4pqp(2))
p−3
2∑
k=1
(p−1
2
k
)
(−2)k
(
1
2k
−
3p
4k2
+
5p
4k
Hk
)
≡
(−1)
p−1
2 3p2
26p−5−
p+1
2
(1 + 4pqp(2))
p−3
2∑
k=1
(p−1
2
k
)
(−2)k
(
1
2k
−
3p
4k2
+
5p
4k
Hk
)
(mod p4).
By the software package Sigma we find three identities
n∑
k=1
(
n
k
)
(−2)k
k
= −Hn +
n∑
k=1
(−1)k
k
n∑
k=1
(
n
k
)
(−2)k
k2
= −
1
2
H(2)n −
1
2
H2n +
n∑
k=1
1
k
k∑
j=1
(−1)j
j
,
n∑
k=1
(
n
k
)
(−2)k
k
Hk = −
1
2
H(2)n −
1
2
(
n∑
k=1
(−1)k
k
)2
+
n∑
k=1
−1)kHk
k
.
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So we have
p−1
2∑
k=1
(p−1
2
k
)
(−2)k
k
= H⌊ p
4
⌋ − 2H p−1
2
≡ qp(2)−
p
2
qp(2)
2 − p(−1)
p−1
2 Ep−3 (mod p
2),
p−1
2∑
k=1
(p−1
2
k
)
(−2)k
k2
= −
1
2
H
(2)
p−1
2
−
1
2
H2p−1
2
+
p−1
2∑
j=1
(−1)j
j
(H p−1
2
−Hj−1)
≡ −
(p−1)/2∑
j=1
(−1)j
j
Hj−1 ≡ −
1
2
qp(2)
2 + (−1)(p−1)/2Ep−3 (mod p),
(p−1)/2∑
k=1
(
(p− 1)/2
k
)
(−2)k
k
Hk ≡
(p−1)/2∑
j=1
(−1)j
j
Hj ≡ (−1)
(p−1)/2Ep−3 (mod p).
Therefore
p−1∑
k= p+3
2
G(p, k) ≡
(−1)
p−1
2 3p2
26p−5−
p+1
2
(1 + 4pqp(2))
(
1
2
qp(2) +
p
8
qp(2)
2 + (−2)
p−1
2 (1 + 4p− 5pqp(2))
)
≡ (−1)
p−1
2 3p2
(
2
p
)(
1
2
qp(2)−
5
8
pqp(2)
2
)
+ 3p2(1 + 4p− 6pqp(2))
= 3p2
(
−2
p
)(
1
2
qp(2)−
5
8
pqp(2)
2
)
+ 3p2(1 + 4p− 6pqp(2)) (mod p
4).
Now the proof of Lemma 4.6 is complete. ✷
Proof of Theorem 1.5. Combining (4.1), Lemmas 4.1, 4.4-4.6, we immediately obtain the
desired result
p−1∑
n=0
6n + 1
(−512)n
(
2n
n
)3
≡ p
(
−2
p
)
+
p3
16
Ep−3
(
1
4
)
(mod p4).
So we finish the proof of Theorem 1.5. ✷
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